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An approximate solution of the same problem in plane ex-
tension was given by Bowie.! As a special case of interest,
when b = 0, Eq. (11) reduces to 7°al/? sina, which is the
solution of a single crack of length 2a¢ under longitudinal
shear. This limiting case also may be obtained upon sub-
stituting Eqs. (4) and (10) into Eq. (8) with R = a/2.

In closing, it should be pointed out that, in contrast to the
complex variable method used in the plane theory of elas-
ticity, the problem in longitudinal shear permits irrationality
of the mapping function. Consequently, the present ap-
proach will allow the consideration of crack configurations
heretofore avoided.
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Effect of Nodal Regression on Spin-
Stabilized Communication Satellites

B. Paur* anp E. Y. Yu*
Bell Telephone Laboratories Inc., Murray Hill, N. J.

SPIN-STABILIZED satellite is useful for communication
purposes if the antenna pattern is symmetric about the
spin axis as in a so-called toroidal antenna where the un-
illuminated region is a cone about the spin axis with semi-
vertex angle 3, as shown in Fig. 1. The illuminated space
consists of a triangle of revolution with an “antenna angle”
2« defined as shown in Fig. 1 by a = 90° — 8. The angle «
will be referred to as the “semivertex angle” of the antenna.
If the spin axis were to remain perpendiculart to the orbital
plane at all times, the angle aneeds never exceed the minimum
value a;, where (see Fig. 1)

sinay = Ry/r 1

where R, is the earth radius and r is the geocentric satellite
distance.

However, if the spin axis is initially perpendicular to the
orbital plane, it will not remain so, since the orbit regresses
while the spin-axis direction remains fixed in inertial space.f
Thus, the actual antenna angle 2o must be increased by a
certain tolerance angle 2ayr in order for the antenna pattern
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1 This is not the only useful type of spin-axis orientation. For
example, the Telstar satellite is not oriented in this manner.
However, because of its potentiality for increase in gain, this
method of orientation merits some study.

1 Precession of the spin axis due to the interaction between the
geomagnetic field and the magnetic dipole moment of the satellite
lv;vill require an additional tolerance on « but is not considered
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to maintain full coverage of the visible earth surface. The
authors now show how to find ar for a given circular orbit.

Figure 2 shows, on a unit sphere, the original orbit of a
satellite at inclination ¢ with the equator. The pole of the
original orbit is at S, and the unit vector § = OS is parallel
to the spin axis of the satellite which is chosen to be per-
pendicular to the original orbital plane. As time goes on, the
node (intersection of orbital plane with earth equator) shifts
from its original position N; through the angle © to a new
position Ny. At the same time, the satellite may be anywhere
in the perturbed orbit such as at position @ that has radius
vector 7 from the center of the earth. The radius vector 7
lying in the orbital plane is normal to $, the perpendicular to
the perturbed orbit. The tip P of vector  moves through an
angle © along the small circle at colatitude <.

In order to find the antenna half-angle o required for a
given orbit, imagine a plane passed through the radius vector
7 and the spin vector §, as shown in Fig. 1, from which it is
evident that

B=v—m 2
and
a=90°—8=90°4+a — v 6)

where v is the acute angle between 7 and §. The maximum
value of « required anywhere in the orbit occurs where v is
minimum. From Fig. 2, it may be seen that the minimum
value of v occurs when 7 is in the plane of $ and 8§, at which
point ¥ = Ymin and

Ymin = 90° — 6 (4)
or
SiDYmin = €088 = P-§ (5)

In‘order to calculate §, which is a sector of the great circle,
through P and S, one may apply the cosine law of spherical
trigonometry to the spherical triangle APS (A is the earth’s
pole) and find

cosé = cos® + sin% cosQ (6)

The final expression for the required antenna half-angle is
given by

a = 90° + o — are sin(cos® -+ sin% cos(2) )

This expression is valid so long as « remains less than 90°.
For values of 7 and Q such that Eq. (7) predicts « greater than
90°, one must use & = 90° corresponding to an isotropic
antenna. This may be verified from Fig. 1, which shows that
when v is less than oy the spin axis intercepts the earth, and
the entire earth cannot be illuminated except by an isotropic
antenna with & = 90°. Thus, the condition for which a
toroidal antennsa can provide more intense illumination than
an isotropic antenna with equal total power and complete
earth coverage at all times is that § is less than 90° — oy, or

cosd = cos% + sin? cosQ > sinay (8)
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Fig. 2 Unit sphere
showing original
and perturbed orbits.

For a fixed value of «, it is seen that this inequality may be
satisfied only for values of 7 below a certain critical value. To
find this critical value, note that the left-hand side of inequal-
ity (8) is @ minimum when © = 180°, so that the critical value
of ¢ occurs at

cos¥ — sin% = cos2i = singy (9)

This last result shows that an isotropic antenna is necessary if
c0s2i < sine; = c0s(90° — ), or if

1> 45° — (a1/2) (10)

This shows that isotropic antennas are required for all inclina-
tions over 45° and many orbits below 45°, depending on alti-
tude. For example, an altitude of 6000 miles above the
earth’s surface corresponds to oy = 23.5°. Thus, all orbits
at this altitude with an ineclination in excess of ¢ = 45° —
11.75° = 33.25° require an isotopic antenna for complete
earth coverage at all times. For lower inclinations, the re-
quired angle may be found from Eq. (7) or from Fig. 3, which
shows how the required tolerance angle ar = o — oy varies
with inclination and regression of the node €.

Finally, from Eq. (7), it is seen that (if 7 < 45° — «;/2) the
maximum value of « occurs when € is 180°, and the required
antenna angle is given by

20mex = 2[90° 4 o — arc sin(cos2s)] = 2a¢ + 44 (11)

and 2omax = 180° for ¢ > 45° — ay/2.

For nearly polar orbits, the regression rate of the orbital
plane is quite low, since it is proportional to the cosine of the
inclination of the orbital plane.! For 6000-mile orbits the
regression rate is only 2.5°/yr/deg off the polar orbital plane.
Therefore, for satellites of finite service life of, for example,
5-10 yr, it is possible to acquire both antenna gain and com-
plete earth coverage. To show this in a specific way on 6000-
mile nearly polar orbits, Eq. (7) is plotted in Fig. 4, taking
into account an initial injection tolerance (assumed to be 2°).
It is noted from Fig. 4 that for orbits within 5° from the polar
plane the toroidal antenna pattern will continue to illuminate
the visible earth for at least 5 yrs.

20 — - 245
80 |0 AP 340
Y/ 2o :
%
g 7=70°] = | 135
< 60 i=30° 430
! i=60°-] et | AT E
350 = = 1 25 i3
y A E
5 40 T i:20° 20 !
- LT | E|
830 = — 315
20 e o 310
LT E
10 - 15
[ 3
0 10
© 20 40 60 80 (00 120 140 60 180
2 - DEG )

Fig. 3 Tolerance angle a; vs position of orbital node { for
various angles of inclination i.
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Fig. 4 Required antenna angle for complete coverage at
6000-mile altitude and various orbital inclinations, includ-~
ing effect of 2° injection error and orbital precession.
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Mach Number Independence of the
Conical Shock Pressure Coeflicient
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Nomenclature

pressure coefficient
constant

Mach number

gtatic pressure

dynamic pressure

density ratio [Eq. (2)]
conical angle (semivertex)
specific heat ratio
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Subscripts

freestream conditions

conditions on the cone surface

conditions immediately downstream of the conical shock
wave
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SIMPLE relationship exists for conical shocks which,

to the authors’ knowledge, has not been pointed out be-

fore and for which no complete explanation is readily found.
This relationship concerns the pressure coefficient across a
conical shock produced by air (a perfect gas) flowing at zero
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